Abstract. Lecture hall partitions are a fundamental combinatorial structure which have been studied extensively over the past two decades. These objects have produced new results, as well as reinterpretations and generalizations of classicial results, which are of interest in combinatorial number theory, enumerative combinatorics, and convex geometry. In a recent survey of Savage [33] , a wide variety of these results are nicely presented. However, since the publication of this survey, there have been many new developments related to the polyhedral geometry and Ehrhart theory arising from lecture hall partitions. Subsequently, in this survey article, we focus exclusively on the polyhedral geometric results in the theory of lecture hall partitions in an effort to showcase these new developments. In particular, we highlight results on lecture hall cones, lecture hall simplices, and lecture hall order polytopes. We conclude with an extensive list of open problems and conjectures in this area.
Introduction
For n ∈ Z ≥1 , let [n] := {1, 2, . . . , n}. Let s = (s 1 , . . . , s n ) ∈ Z n ≥1 a sequence of positive integers. The set of s-lecture hall partitions is the set
In the case that s is weakly increasing sequence, L
n refines the set of partitions with at most n parts. In other cases, one may actually have a composition rather than a partition, though much of the literature makes no distinction here. The study of lecture hall partitions was initiated by Bousquet-Mélou and Eriksson in a pair of seminal papers [5, 6] . In the two decades to follow, these objects have been studied in a variety of algebraic, combinatorial, geometric, and number theoretic mediums. Much of this work is summarized in the excellent survey of Savage [33] .
The goal of this survey is to provide an update to the survey of Savage [33] . In particular, we focus exclusively on results involving convex geometric objects arising from lecture hall partitions taking into account a significant number of results appearing after the publication of the Savage survey. The structure of this note is as follows. In Section 2, we provide a brief review of the necessary polyhedral geometry, Ehrhart theory, and local Ehrhart theory, as well as define the convex geometric obejects arising from lecture hall partitions, namely lecture hall cones, lecture hall simplices, rational lecture hall simplices, and lecture hall order polytopes. In Section 3, we outline known results of lecture hall cones. In Section 4, we discuss the known results regarding lecture hall simplices. Section 5 focuses on results of lecture hall order polytopes. Finally, Section 6 outlines some of the remaining open problems in the polyhedral geometry of lecture hall partitions.
Background
In this section, we provide the necessary background for the results on the polyhedral geometry of lecture hall partitions. First, we review the standard tools and definitions in Ehrhart theory and polyhedral geometry. We then discuss the notions of local Ehrhart theory and box unimodal triangulations. Finally, we briefly introduce the polyhedral geometric objects arising for lecture hall partitions. Subsequently, some or all of these sections may be safely skipped by the experts.
Classical Ehrhart Theory and Polyhedral Geometry.
We recall a few definitions from polyhedral geometry. A polyhedral cone C in R n is the solution set to some finite collection of linear inequalities Ax ≥ 0 for some real matrix A, or equivalently given some elements w 1 , w 2 , · · · , w j ∈ R n , C = span R ≥0 {w 1 , w 2 , · · · , w j }.
The elements w i are called ray generators. The cone C is said to be rational if the matrix A contains rational entries (equivalently if each w i ∈ Q n ), it is said to be simplicial if it is defined by n independent inequalities (equivalently if j = n and {w i } n i=1 are linearly independent), and it is said to be pointed if it does not contain a linear subspace of R n . Let C
• denote the interior of C. If C ⊂ R n is a pointed, rational cone, a proper grading of C is a function g : C ∩Z n → Z r ≥0 , for some r, satisfying (i) g(λ + µ) = g(λ) + g(µ); (ii) g(λ) = 0 implies λ = 0; and (iii) for any v ∈ N r , g −1 (v) is finite. Moreover, the integer points C ∩Z n form a semigroup. Semigroups of this type have unique minimal generating sets known as the Hilbert basis of C. Additionally, the lattice points in a pointed rational cone give rise to a semigroup algebra structure. We call this the affine, normal semigroup algebra of C, which is denoted C[C] := C[C ∩ Z n ] For background and details see [3, 27] .
We say that a pointed, rational cone C ⊂ R n is Gorenstein if there exists a point c ∈ C
• such that C • ∩ Z n = c + (C ∩ Z n ). This point is known as the Gorenstein point of C. Due to theorems of Stanley [38] , this notion of Gorenstein is equivalent to the commutative algebra notion of Gorenstein, as C is Gorenstein if and only if the algebra C[C] is Gorenstein. For reference and commutative algebra details, see [10, 41] .
We say that P ⊂ R n is a convex polytope of dimension d ≤ n if it can be expressed as the convex hull of finitely many points in
which lies in a d-dimensional affine subspace. If each v i ∈ Z n (resp. v i ∈ Q n ), we say that P is a lattice polytope (resp. rational polytope). Alternatively, P can be expressed as the intersection of finitely many halfspaces in R n . The lattice point enumerator of P, where d = dim(P ) ≤ n, is the function
where t · P = {t · α : α ∈ P} is the tth dilate of P with t ∈ Z ≥0 . By theorems of Ehrhart [14] , if P is lattice, i(P, t) is a polynomial in the variable t of degree d and if P is rational, i(P, t) is a quasipolynomial in the variable t of degree d. Subsequently, we will call i(P, t) the Ehrhart polynomial of P or the Ehrhart quasipolynomial of P in each respective case. We say that P is Ehrhart positive if each coefficient of i(P, t) is a positive rational number. For background on Ehrhart positivity, see the survey of Liu [25] . We should note that given a rational or lattice polytope P, we can associate a rational cone, and thus an affine, normal semigroup algebra, to P. The cone over P is cone(P) := span R ≥0 {(p, 1) : p ∈ P ∩ Z n } and the affine, normal semigroup algebra of P is C[P] := C[cone(P) ∩ Z n+1 ]. We can alternatively view i(P, t) as the Hiblert function or C [P] .
Suppose that P is lattice. It is often more desirable to study the Ehrhart polynomial under a suitable change of basis. In particular, let h * (P; z) be the Ehrhart polynomial expressed in the polynomial basis
. The polynomial h * (P; z) is called the h * -polynomial of P. Equivalently, we can view the h * -polynomial as the numerator of the Ehrhart series of P which is
In the special case of a d-simplex ∆ ⊂ R n , we have a geometric interpretation of h * (∆; z).
We then have
We say that a lattice polytope P has the integer decomposition property (IDP) if for any x ∈ tP ∩Z n , there exists t lattice points {p 1 , p 2 , . . . , p t } ∈ P ∩Z n such that p 1 +p 2 +· · ·+p t = x. In this case, we say that P has the IDP. This is equivalent to saying the semigroup algebra C[P] is generated entirely in degree 1.
A triangulation T of a lattice polytope P of dimension d is a subdivision of P into ddimensional lattice simplices framing a simplicial complex. We say that a triangulation T is regular if each simplex in T is a domains of linearity of a convex piecewise linear function. We say that a triangulation T is unimodular if each simplex in T is a unimodular simplex. If P has a unimodular triangulation, then P has the IDP.
Let P be a lattice polytope of dimension d such that P \ ∂P ∩ Z n = {0}. We say that P is reflexive if the dual polytope
is a lattice polytope. It is a well known result of Hibi [20] that the following are equivalent:
• P is reflexive (up to translation)
• h * (P; z) is a palindromic polynomial of degree d.
Given c ∈ Z ≥1 , P is Gorenstein of index c if the the polytope cP is reflexive. Equivalently, P is Gorenstein of index c (up to unimodular equivalence) if h * (P; z) is a palindromic polynomial of degree d − c + 1 [13] . One should additionally, note that this precisely means that the cone(P) is a Gorenstein cone. That is, that there exists some c ∈ Z n+1 such that c + (cone(P) ∩ Z n+1 ) = cone(P)
• ∩ Z n+1 . Hence, P is Gorenstein if and only if the algebra C[P] is Gorenstein.
A generalization of the Gorenstein property is the level property. We say that P is level if there exists some c 1 , . . . , c k ∈ Z n+1 such that
and c 1 n+1 = · · · = c k n+1 . Note that in the case of k = 1, this is precisely the definition of Gorenstein. This implies that the algebra C[P] is a level semigroup algebra, which generalizes the notion of a Gorenstein algebra. While palidromicity of h * (P; z) is lost with this generalization, additional inequalities on the coefficents remain. We recommend [41] for details on level algebras.
A commonly studied property in Ehrhart theory is h * -unimodality. That is, determining under what conditions the polynomial h * (P; z) has a unimodal sequence of coefficients. In general, one should not expect h * (P; z) to be unimodal, even under the assumptions of Gorenstein (see, e.g., [?] ). However, the following theorem on unimodality, due to Bruns and Römer, is known.
Theorem 2.1 ([11]
). If P is Gorenstein and has a regular unimodular triangulation, then h * (P; z) is unimodal.
The following conjecture of Hibi and Ohsugi, which is a weakening of the Bruns and Römer result, is the subject of much research.
Conjecture 2.2 ([29]
). Let P be Gorenstein and have the IDP, then h * (P; z) is unimodal.
There is even a weaker question, which does not have a negative answer as of yet. [37] , and Stanley [40] .
Suppose that ∆ is a lattice d-simplex in R n with vertex set {v 0 , .
Then the local h * -polynomial for the simplex ∆ is
We note1 that this is similar in nature to the geometric interpretation of h * (∆; z). The polynomial ℓ * (∆; z) is sometimes referred to as the box polynomial of ∆. We should note that there is an involution on Π • ∆ which sends elements at height i to height d − i, which implies that ℓ * (∆; z) is a palindromic polynomial. The following theorem relates the local h * -polynomial and the classic h * -polynomial. This theorem uses the notion of an h-polynomial of a simplicial complex. For background and details, please consult [42] .
Theorem 2.4 ([4]
). Let P be a lattice polytope with lattice triangulation T . Then
In the case of P a reflexive polytope, there is the following theorem.
Theorem 2.5 ([4]
). Let P be a reflexive lattice polytope with lattice triangulation T of the boundary ∂P. Then
We say that a lattice triangulation T of P is box unimodal if it is regular and ℓ * (∆; z) is unimodal for ∆ ∈ T . Therefore, if a reflexive polytope P admits a boundary triangulation whose simplices all have unimodal local h * -polynomials, then h * (P; z) is also unimodal. In the case of P not a simplex, one can still define the local h * -polynomial ℓ * (P; z) with some additional work. Let F (P) denote the set of faces of P. Note that it is clear that F (P ) is a ranked poset under inclusion of faces where the rank is ρ(F ) = dim(F ) + 1. The g-polynomial of P is defined recursively as follows. If P = ∅, then g(P; z) = 1. If P is dimension d, then g(P; z) is the unique polynomial of degree strictly less than
The reader should consult [42] for details on the g-polynomial. Then the local h
where [F, P] ∨ is polytope obtained from the dual of the interval [F, P] in F (P).
2.3. Polyhedral objects arising from lecture hall partitions. We now briefly define the common polyhedral objects arising from lecture hall partitions. We begin with the s-lecture hall cone.
which may equivalently be expressed as
It is straightforward to see that C
n . Subsequently, studying this polyhedral object yields the same data as studying the lecture hall partitions directly. Results on lecture hall cones include a classification of the Gorenstein property, characterization of Hilbert bases in special case, and triangulation results for the cone C (1,2,...,n) n . All of these results will discussed in detail in Section 3.
A related object are the s-lecture hall simplices 1 , which arise as a truncation of the lecture hall cone. Particularly, they can be defined as follows.
which may equivalently expressed as
This family of simplices has been very well-studied. There are results regarding the h * -polynomials, existence of the IDP, existence of triangulations, classification of the Gorenstein property and the level property, and results on the local h * -polynomial. These results will be outlined in detail in Section 4.
A less well-studied object arising from lecture hall partitions are the rational s-lecture hall simplices.
The study of these objects was initiated by Pensyl and Savage [32] . This theory has been used while studying both the s-lecture hall cones and s-lecture hall simplices. Given the relative lack of known results regarding these rational polytopes, there is no section specifically dedicated to them in this survey, but they appear in Section 3 as well as Section 6.
Another important polyhedral object arrising from lecture hall partitions are s-lecture hall order polytopes. These objects were introduced by Brändén and Leander [8] as a generalization of the classical theory of order polytopes defined by Stanley [39] which have been well studied.
In order to define s-lecture hall order polytopes, we first need the notion of an s-lecture hall P -parition. Let P = ([n], ) be a labeled poset on [n]. We say that P is naturally-labeled if i j in P implies that i ≤ j in Z.
Definition 2.9. Let P = ([n], ) be a labeled poset and let s :
If we consider naturally-labeled posets, we need only consider the first condition of the definition. We now define the lecture hall order polytopes. Definition 2.10. Let P be a naturally-labeled poset. The s-lecture hall order polytope associated to (P, s) is
Remark 2.11. Note that the naturally-labeled condition in Definition 2.10 ensures that the resulting polytopes are closed. One could define a similar notion for any lecture hall Ppartition, however, the resulting polytope will be partially open without the naturally-labeled condition (i.e. missing certain facets).
We should note that if we let P be a totally ordered chain, we recover the s-lecture hall simplex as O(P, s) = P (s) n . While these objects are relatively recent in development, significant results have been obtained. Specifically, there are known results about the h * polynomial including some results real-rootedness. There are also known results regarding box unimodal traingulations and local h * -polynomials. These results will be outlined in Section 5.
Results: Lecture hall cones
In this section, we discuss the results on s-lecture hall cones. The known results fall into three categories: the classification of the Gorenstein property, the characterization of Hilbert bases for certain Gorenstein lecture hall cones, and the special case of the lecture hall cone C (1,2,...,n) n . 3.1. Gorenstein characterization. In combinatorial commutative algebra and polyhedral geometry, Gorenstein objects are well-behaved and it is desirable to classify which objects in the family have this property. In the case of s-lecture hall cones, this property is entirely controlled by number theoretic properties of the s-sequence. This result is implicit from the seminal work of Bousquet-Mélou and Eriksson [6] , but was formulated in this context by Beck et al. [1] . While this completely classifies when lecture hall cones are Gorenstein, the implicit nature of the definition is somewhat mysterious. Subsequently, it is of interest to study particular types of sequences, as the specificity may provide a more enlightening answer. Given a sequence s ∈ Z n ≥1 , we say that s is u-generated if there is a sequence u = (
Note that by construction a u-generated sequence has the property gcd(s i , s i+1 ) = 1 for 1 ≤ i < n. We can now state a characterization of the Gorenstein property for the special case where gcd(s i , s i+1 ) = 1 for all i.
n is Gorenstein if and only if s is u-generated by some sequence u = (u 1 , u 2 , · · · , u n−1 ) of positive integers. When such a sequence exists, the Gorenstein point c for C (s) n is defined by c 1 = 1, c 2 = u 1 , and for 2 ≤ i < n, c i+1 = u i c i −c i−1 . Additionally, the two-term recurrence case has been studied. The following theorem specifies precisely when such a sequence will produce a Gorenstein lecture hall cone. n fails to be Gorenstein for all n ≥ n 0 . 3.2. Hilbert basis results. Given a rational polyhedral cone, determining the Hilbert basis is a natural line of study. Understanding the Hilbert bases for s-lecture hall cones is particularly of interest, because this is equivalent to determine a minimum additive generating set for the set of all s-lecture hall partitions. In the special case of s = (1, 2, . . . , n), the following elegant description of the Hilbert basis is known.
Theorem 3.4 ([2]). For each
The Hilbert basis for L
As a corollary, the semigroup algebra
] is generated entirely by elements in degree 1 with respect to the grading given by λ → (λ n − λ n−1 ).
Given this surprisingly nice, combinatorial description for the Hilbert basis in this case, a natural follow-up is to determine which other s-sequences have combinatorially nice Hilbert bases. It is unlikely that one could give a universal description for the Hilbert basis of any s-lecture hall cone. Even in the case of 2-dimensional cones, one cannot even bound the cardinality of the Hilbert basis beyond the trivial bounds for simplicial cones. Subsequently, to hope for meaningful results, it is necessary to restrict our classes of s-sequences.
The first more general family of s-sequences considered in the literature on Hilbert bases are the 1 mod k-sequences. Given a k ∈ Z ≥1 , the 1 mod k-sequence of length n is
For simplicity of notation, when s is as above, we will use L k,n , C k,n , and P k,n to denote the lecture hall partitions, lecture hall cone, and lecture hall simplex respectively. We have the following result for the Hilbert basis of C k,n .
Theorem 3.5 ([30]
). For all k ≥ 1, the Hilbert basis for the 1 mod k cones in R n , denoted C k,n , consist of the following elements:
• The element
, where w n−1 = (n − 2)k + 1 and w n = (n − 1)k + 1; where L n,k denotes the set of 1 mod k lecture hall partitions.
When k = 1, we recover the sequence s = (1, 2, . . . , n) and moreover, this result agrees with previous characterization of Beck et al. [2] . We can also enumerate the cardinality of the Hilbert basis of this cone with the following algebraic expression. 
To see this result, it is clear that the 2 n−2 appears from enumerating the elements indexed by subsets. The remaining elements can be enumerated by observing that each Hilbert element can be realized as a lattice point in P k,n−2 and applying Ehrhart theory results of Savage and Visawanathan [36] .
The second more general family of s-sequences studied are the ℓ-sequences. These sequences are recursively defined by s 1 = 1, s 2 = ℓ, and s i = ℓs i−1 − s i−2 for i ≥ 2. For ease of notation, given the above sequence let L ℓ n , C ℓ n , P ℓ n , and R ℓ n denote the lecture hall partitions, lecture hall cone, lecture hall simplex, and rational lecture hall simplex respectively. The Hilbert basis results for these lecture hall cones are given as follows.
where L ℓ n denotes the set of ℓ-sequence lecture hall partitions. We should note that when ℓ = 2, we recover the sequence s = (1, 2, . . . , n) and this characterization agrees with the Beck et al. result [2] . By identifying these Hilbert basis elements with lattice points in dilates of rational lecture hall simplices, one can derive the following expression for the cardinality of the Hilbert basis. In addition to these Hilbert basis results, the author has also classified the Hilbert bases for u-generated Gorenstein lecture hall cones when n = 2, 3, 4 [30] .
Triangulation of L
(1,2,...,n) n . In the specific scenario of s = (1, 2, . . . , n), one can make more specific observation of the geometric structure of the lecture hall cone. The result of Theorem 3.4 verifies that the Hilbert basis of C (1,2,...,n) n is entirely at height 1 with respect to a chosen grading. This motivates asking whether or not that cone has a regular, unimodular triangulation. Beck et al. verify that this cone can be represented as the cone over a polytope. Specifically, C (1,2,...,n) n ∼ = cone(R n ), where
They then state the following theorem.
Theorem 3.9 ([2]
). For n ≥ 1, R n has a regular, flag, unimodular triangulation. Thus C (1,2,. ..,n) n has a regular, unimodular triangulation.
Results: Lecture hall simplices
We now discuss many of the known results for a lecture hall simplex P (s)
n . Perhaps the most pervasive question in Ehrhart theory is: given in a lattice polytope P, is there a combinatorial interpretation for h * (P; z)? To determine such an interpretation for P
n is asc(e) := # Asc(e). Savage and Schuster show the following result.
The proof of this result is essentially a bijection between lattice points in Π P (s) n and sinversion sequences with respect to four statistics. When restricting to the ascent statistic alone, this corresponds to height of lattice points. In the special case of s = (1, 2, . . . , n), one can show that
where S n is the symmetric group and thus A n (z) is the Eulerian Polynomial (see, e.g., [42] for more details on Eulerian polynomials). Subsequently, h * (P (s) n ; z) generalize this family and are known as the s-Eulerian polynomials.
The s-Eulerian polynomials also possess many of the same nice properties of Eulerian polynomials, namely unimodality and real-rootedness due to the following theorem of Savage and Visontai [35] .
Theorem 4.2 ([35]
). For any s ∈ Z ≥1 , the s-Eulerian polynomial h * (P (s) n ; z) has only real roots. Hence, the coefficients of s-Eulerian polynomials are log-concave and unimodal.
The proof of this theorem uses the idea of compatible polynomials and interlacing to prove real-rootedness. For background on real-rootedness in a combinatorial setting, the reader should consult [7] . Unfortunately, s-Eulerian polynomials do not apriori possess the same palindromic properties as the Eulerian polynomial A n (z). Classification of this property is equivalent to the classification of which lecture hall simplices P (s) n are Gorenstein, which will be discussed in a later subsection.
While h * (P (s) n ; z) is unimodal for any choice of s, it is not true in general that P
n is Ehrhart positive. For a, b, k 2 ∈ Z ≥1 and k 1 , k 3 ∈ Z ≥0 , let the vector (1
). The following theorem of Liu and Solus [26] provide examples where the Ehrhart polynomial of P (s) n has negative coefficients.
Theorem 4.3 ([26]
). For every n ≥ 3, there exist s-lecture hall simplices of the form P (1 k 1 ,a,1 k 2 ,b,1 k 3 ) n which are not Ehrhart positive.
In addition to understanding this classical Ehrhart data of P (s)
n , it is also of interest to investigate geometric properties such as the existence of the integer decomposition property (IDP) and the existence of particular triangulations. Regarding the integer decomposition property, Hibi Tsuchiya, and the author showed some partial results [22] , specifically that P (s) n has the IDP when s is a weakly monotonic sequence and that P n in forthcoming work of Brändén and Solus [9] , where they prove stronger results for the s-lecture hall order polytopes. has a regular, unimodular triangulation for any k ∈ Z ≥1 . The first theorem above, due to Brändén and Solus [9] , uses the theory of Gröbner bases. The second theorem, due to Hibi, Tsuchiya, and the author [22] , uses the notion of a chimney polytope. The reader should consult [18] for details on triangulations, including these two methods. There are no known examples of lecture hall simplices which do not admit a regular, unimodular triangulation.
Gorenstein and level classifications.
Both the Gorenstein property and the level property for lecture hall simplices have been studied and a classification for both exists. The Gorenstein property was studied in limited cases by Hibi Tuschiya, and the author in [22] . These results have been fully generalized by Kohl and the author in [24] . While the next result is not as general, it guarantees that, under the condition that gcd(s i−1 , s i ) = 1 for some 1 < i ≤ n, the vertex cones of P (s) n at (0, 0, . . . , 0) and at (s 1 , s 2 , . . . , s n ) being Gorenstein already implies that P and
Note that Theorem 4.7 and Theorem 4.8 provide a complete description for when sEulerian polynomials are palindromic. See Table 1 for some examples of palindromic sEulerian polynomials which fall under the purview specifically of Theorem 4.8. Additionally, it is worth noting that in the special case of s = (2, 3, . . . , n + 1), Hibi, Tsuchiya, and the author [21] show that P (2,3,. ..,n+1) n is a self-dual reflexive simplex. That is, P (2,3,. ..,n+1) n ∼ = P (2,3,...,n+1) n ∨ . Moreover, h * (P (2,3,. ..,n+1) n ; z) is the usual Eulerian polynomial A n+1 (z). In addition, Kohl and the author [24] are able to also provide a characterization of the level property in terms of s-inversion sequences. n,1 such that
The proof of this theorem relies heavily on the fact that P (s)
n is a simplex and studying the additive properties of the lattice points in Π P (s) n using the bijection that the lattice points at height i correspond to inversion sequences with i inversions. The authors use this classification to prove that certain classes of lecture hall simplices are level and that we can construct level lecture hall simplicies of arbitrarily high dimension. Additionally, levelness introduces new inequalities on the coefficients of the s-Eulerian polynomials, as represented in following corollary. . The local h * -polynomials for the s-
The polynomials d s n (z) are called the s-derangement polynomials, because in the case of s = (2, 3, . . . , n+1), this polynomial agrees with the Eulerian polynomial computed only over π ∈ S n such that π is a derangement. Moreover, there is a parallel to the real-rootedness result of Savage and Visontai as follows. Suppose that p(z) is a palindromic polynomial of degree at most d, then we can express p in the basis {x
⌋ are all nonnegative. It is a straight forward observation to see that if p(z) is γ-nonnegative, then p(z) is unimodal. The s-derangement polynomials can be shown to have this property by the following theorem.
Theorem 4.13 ([15]).
All s-derangement polynomials are γ-nonnegatve.
Results: Lecture hall order polytopes
The study of lecture hall order polytopes was initiated by Brändén and Leander [8] by way of introducing lecture hall P -partitions, which generalizes the P -partition theory of Stanley. This subject has since been studied by Brändén and Solus [9] and Gustafsson and Solus [15] from a polyhedral geometry perspective, as well as by Corteel and Kim [12] from a partition theoretic framework. This section is organized as follows. First, we discuss general results regarding the integer decomposition property and the h * -polynomials of s-lecture hall order polytopes. We then discuss results regarding unimodality and real-rootedness of h * -polynomials. We conclude by discussing local Ehrhart theory results on these polytopes. We begin by discussing the results on the integer decomposition property. The following theorem, due to Brändén and Solus, further implies that both order polytopes and s-lecture hall simplices have the IDP. To introduce some of the initial Ehrhart results on s-lecture hall order polytopes, we must review some theory of P -partitions and some generalizations. For additional background on P -partitions beyond that reviewed here, the reader should consult [42] . Let P = ([n], ) be a labeled poset. Then the set L(P ) = {π ∈ S n : if π i π j , then i ≤ j, for all i, j ∈ [n]} are the linear extensions of P or the Jordan-Hölder set of P . If O(P ) denotes the order polytope of P , then the classical result of Stanley [39] says that
A similar result holds in the case of s-lecture hall order polytopes. Given s : [n] → Z ≥1 , an s-colored permutation is a pair τ = (π, r), where π ∈ S n and r : [n] → Z ≥0 such that r(π i ) ∈ {0, 1, . . . , s(π i ) − 1} for all 1 ≤ i ≤ n. Now, given a labeled poset P , L(P, s) := {τ : τ = (π, r) such that π ∈ S n and τ is an s-colored permutation} .
Given τ = (π, r), we say that i ∈ [n − 1] is a descent of τ if
and we let
Given τ ∈ L(P, s), let des s (τ ) = |D(τ )|. We can now state the following Ehrhart series result for s-lecture hall order polytopes. We should note that this simultaneously generalizes both the known Ehrhart series results for order polytopes and s-lecture hall simplices. Specifically, if s(i) = 1 for all i, then we recover the standard order polytope O(P ) and the Ehrhart series given by Stanley. Given any choice of s, if P is chosen to be the totally ordered chain, we recover P (s) n and an alternative description of its h * -polynomial. When assuming certain conditions on (P, s), one can make palindromic statements. We say that a poset P = ([n], ) is graded if it is equipped with a rank function ρ : [n] → Z that has the properties that ρ(x) < ρ(y) whenever x ≺ y and ρ(y) = ρ(x) + 1 if y covers x in P . We can now state the following theorem of Brändén and Leander for such posets. [q] → Z ≥1 . Let P ⊔ Q denote the disjoint union of P and Q and let s P ⊔Q be the unique function on P ⊔ Q which agrees with s P and s Q on the components P and Q respectively. If h * (O(P, s P ); z) and h
Theorem 5.5 ([8])
. Let P = A p 1 ⊕ · · · ⊕ A pm be an ordinal sum of anti-chains and let s : P → Z ≥1 be a function which is constant on
The first theorem follows quickly as it can be shown that
The second theorem requires more sophisticated techniques. In particular, they show that h * (O(P, s); z) can be expressed as a sum of related polynomials which are an interlacing sequence. We should note that this is similar to the method used by Savage and Visontai [35] to prove Theorem 4.2. The reader should consult [7] for background and details on this method of proving real-rootedness.
In the special case that P is a naturally-labeled poset with a unique minimal element and nonnegative rank function and where we let s = ρ + 1, which is a subcase of that covered by Theorem 5.3, unimodality can be shown using triangulation results. In particular, the following theorem of Gustafsson and Solus follows with some work from Theorem 5.7 in the next subsection.
Theorem 5.6 ([15] ). Suppose that P is a naturally-labeled, graded poset with a unigue minimal element, a nonnegative rank function ρ, and s = ρ + 1. Then h * (O(P, s); z) is unimodal.
Box unimodal triangulations and local h
* -polynomials. To conclude our discussion of results on s-lecture hall order polytopes, we will consider work regarding box unimodal triangulations and local Ehrhart theory. This work is due entirely to Gustafsson and Solus [15] . The s-canonical triangulation of O(P, s) is the analogue to the canonical triangulation of the order polytope O(P ) introduced by Stanley [39] with the primary difference being that rather than decomposing the polytope into unimodular simplicies indexed by linear extensions of P , O(P, s) is decomposed into s-lecture hall simplices, which are in general not unimodular, in accordance with linear extensions of P . We should note that both the canonical and s-canonical triangulations are regular. We begin with a theorem on the existence of box unimodal triangulations. This theorem combined with Theorem 5.1 provides further support of Conjecture 2.2. While this statement does not guarantee the existence of a regular, unimodular triangulation, which is the case in the order polytope case, it is nevertheless a very strong statement which gives some evidence for h * -polynomial unimodality results in generality. Given that the local h * -polynomials of s-lecture hall simplices are both real-rooted and γ-positive, it is a natural extension to consider such properties of the local h * -polynomials of O(P, s). In general, these strong conditions cannot currently be verified. However, Theorem 5.7 can be leveraged, along with results of Katz and Stapledon [23] , to show the following unimodality result. 
Open Problems
We conclude this survey with a collection of conjectures and questions which have accumulated in the literature, so that the majority of open problems regarding the polyhedral geometry of lecture hall partitions appear in a single location. We will follow the order of the survey by first addressing open problems for s-lecture hall cones, then s-lecture hall simplices, and culminating with s-lecture hall order polytopes.
6.1. Lecture hall cones. Given that the Gorenstein property for C n . Choices for grading which have been used in the literature include the standard "height" grading used in the polytope case, as well as the difference of last two coordinates which was used heavily in the case of C (1,2,. ..,n) n . After choosing a grading, it seems plausible that one may be able to adapt the strategy of Kohl and the author in the P (s) n case [24] , though one would need to understand the Hilbert basis for any given cone considered.
Additionally, there are many potential extensions of the Hilbert basis classifications. This leads to the following problem and question. For Problem 6.2, a possible candidate would be to consider the (k, ℓ)-sequences, or even a special case such as the (4, 1)-sequences. The reader should consult [33] for an overview of these sequences and the deep mathematics behind them. Regarding Question 6.3, the Hilbert bases for u-generated Gorenstein lecture hall cones have been classified for dimension ≤ 4. Continuing the classification to higher dimensions should certainly be possible, though there are likely many subcases and enumeration of the cardinality of the Hilbert basis may be significantly more challenging.
For the special case of C (1,2,...,n) n where a triangulation of the cone is known, the following conjecture stated by Beck et al. would provide additional geometric information about the cone.
Conjecture 6.4 ([2]
). There exists a regular, flag, unimodular triangulation of R n that admits a shelling order such that the maximal simplices of the triangulation are indexed by π ∈ S n−1 and each such simplex is attached along des(π) many of its facets. This has been shown in very particular cases as detailed in the survey. However, there is no known counterexample in other cases. Verifying this conjecture is also crucial for showing results regarding the s-canonical triangulation of s-lecture hall order polytopes.
While the level property is completely classified in terms of s-inversion sequences, the characterization is often difficult to apply. Subsequently, it is of interest to determine alternative characterizations for restricted families of s-sequences or to determine conditions which are sufficient though perhaps not necessary for levelness. This motivates the following question and conjecture. n is level.
While there are some results on the Ehrhart positivity for s-lecture hall simplices, the property is largely unstudied. This motivates the following question. One property which has yet to be studied regarding the s-lecture hall simplices is reflexive dimension. Given a polytope P, the reflexive dimension of P is the smallest m such that P is the face of an m-dimensional reflexive polytope. By a result of Haase and Melnikov [17] , this is known to be finite for any P. This yields the following question. 6.3. Lecture hall order polytopes. We begin the discussion of open problems for slecture hall polytopes by mentioning two conjectures of Brändén and Leander [8] in the seminal paper.
Conjecture 6.10 ([8])
. Suppose P is a naturally-labeled, graded poset with nonnegative rank function ρ and s = ρ + 1, then h * (O(P, s); z) is γ-nonnegative.
Conjecture 6.11 ([8]).
Suppose that P is a naturally-labeled, graded poset with nonnegative rank function ρ and s = ρ + 1, then O(P, s) has a regular, unimodular triangulation.
Both of these conjectures are primarily of interest because they imply that h * (O(P ); z) is unimodal. Gustafsson and Solus [15] proved a slightly weaker unimodality result to that of Conjecture 6.10 in the case that P has a unique minimal element as discussed previously. However, this question is still open in the general setting. Conjecture 5.7 is also open in generality. In fact, this is only known to hold in very specific cases, such as the case where P is the totally ordered chain with minimal element x 0 and ρ(x 0 ) ∈ {0, 1} where it overlaps with known results for lecture hall simplices.
We conclude with three general questions regarding s-lecture hall order polytopes. Regarding Questions 6.12 and 6.13, characterizations for the Gorenstein and level properties are known for s-lecture hall simplices as discussed in Section 4, as well as for order polytopes (see [19] for the Gorenstein property and see [16, 28] for levelness). It seems reasonable that one may be able to adapt the methods and techniques to find suitable characterizations in this context. One possible approach to Question 6.14 is to first consider the case of lecture hall simplices and see if the s-canonical triangulation can be exploited.
